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Abstract. Recent progress in the applications of covariant density functional theory (CDFT)
to the description of the spectroscopy of the heaviest nuclei is reviewed. The analysis of
quasiparticle spectra in actinides and the heaviest A ∼ 250 nuclei provides a measure of the
accuracy of the description of single-particle energies in CDFT and an additional constraint for
the choice of effective interactions for the description of superheavy nuclei. The response of
these nuclei to the rotation is rather well described by cranked relativistic Hartree+Bogoliubov
theory and it serves as a supplementary tool in configuration assignment in odd-mass nuclei.
A systematic analysis of the fission barriers with allowance for triaxial deformation shows that
covariant density functional theory is able to describe fission barriers on a level of accuracy
comparable with the best phenomenological macroscopic+microscopic approaches.
1. Introduction
The study of the nuclei around 254No, the heaviest elements for which detailed spectroscopic
data can be obtained with the current generation of facilities [1], is intimately connected
with the search for superheavy nuclei [1, 2]. This is because spectroscopic information such
as the energies of single-particle states and the rotational response can be used to constrain
theoretical models and their parameterizations. The need for such a constraint is dictated by
the fact that different theoretical models predict different locations for the “island of stability”
of shell-stabilized superheavy nuclei. Macroscopic+microscopic methods based on different
phenomenological potentials localize this island around the Z = 114 and N = 184 spherical shell
closures [3, 4, 5]. Self-consistent calculations based on the Skyrme energy density functionals
(EDF) show this island around the Z = 126 and N = 184 spherical shell closures for most of
the forces [4, 6]. Covariant density functional theory (CDFT) [7] localizes this island around
Z = 120 and N = 172 [2, 6].
Apart of the question of the location of the “island of stability”, the question of the stability of
superheavy nuclei is another puzzle defining the physics of superheavy nuclei. The probability
for the formation of a superheavy nucleus in a heavy-ion-fusion reaction and its survival are
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Figure 1. Proton and neutron single-particle energies in 252No as a function of the quadrupole
deformation β2. They are obtained in RMF+BCS calculations using the constant gap
approximation and the NL1 parameterization of the RMF Lagrangian. Solid and dashed lines
are used for positive and negative parity states, respectively. Green lines are used for the
single-particle orbitals observed in odd-mass nuclei around 250Fm, while red lines are used for
the Ω = 1/2 orbitals that may be observed in nuclides with N ≈ 162 and/or Z ≈ 108 [2].
directly connected to the height of its fission barrier [8]. Thus, the experimental data on fission
barriers in the actinide region provide an important testing ground for density functional theories
(DFT).
It is impossible to review all efforts undertaken in the study of theoretical aspects of the
spectroscopy of the heaviest nuclei; thus we will concentrate on the results obtained in the
framework of covariant density functional theory. The manuscript is organized in the following
way. In Sec. 2, the accuracy of the description of the energies of deformed one-quasiparticle states
in the actinide region and its consequences for spherical shell closures in superheavy nuclei are
analyzed. The rotational response in odd-mass nuclei and its applicability for configuration
assignment will be discussed in Sec. 3. The description of inner fission barriers in CDFT is
discussed in Sec. 4. Finally, Sec. 5 summarizes our main conclusions.
2. Single-particle degrees of freedom
One way of obtaining information on the energies of spherical subshells active in the vicinity of
expected shell closures in the “island of stability” is by studying well-deformed one-quasiparticle
states in heavy actinide and/or light transfermium nuclei. As illustrated in the Nilsson diagram
of Fig. 1, the deformation causes the spherical single-particle states to split and forces low-Ω
states emerging from high-j spherical subshells (for example, the pif5/2 and pii11/2 subshells, see
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Figure 2. Experimental and theoretical
one-quasiparticle energies of neutron states
in 251Cf. Positive and negative energies are
used for particle and hole states, respectively.
The experimental data are taken from Refs.
[9, 10, 11], while the results of calculations
from Ref. [2]. Solid and dashed lines are
used for positive and negative parity states,
respectively. The symbols ’NL3’ and ’NL1’
indicate the RMF parameterization. Colors
indicate the spherical subshells from which
deformed one-quasiparticle states emerge,
namely, green - 2g9/2, black - 1i11/2, indigo
- 3d5/2, maroon - 2g7/2, red - 1j15/2 and blue
- 1j13/2.
left panel of Fig. 1) to come closer to the Fermi level in much lighter systems.
Nuclei around 254No represent the end of the region in which reliable experimental data on
the structure of deformed one-quasiparticle states are available [1]. Although the decay studies
of heavier odd-mass nuclei such as 265Hs and 259Sg (see, for example, Ref. [12] and references
therein) probe one-quasiparticle states, these nuclei cannot be used for a meaningful comparison
with theory because of the tentative nature of the configuration assignment. This is even more
true for odd-mass nuclei with Z ≥ 105 which are identified by only a few events.
The first ever fully self-consistent description of deformed one-quasiparticle states in the
framework of CDFT was presented in Ref. [2] on the example of the 249,251Cf and 249Bk nuclei.
More systematic calculations covering the rare-earth and actinide regions and a number of
the CDFT parameterizations are currently in progress [13]. Since these results confirm the
general observations obtained in Ref. [2], we will illustrate the main features of the description
of quasiparticle spectra of deformed nuclei on the example of 251Cf (see Fig. 2).
Two types of discrepancies between theory and experiment are visible in Fig. 2. First,
the calculated spectra are less dense than experimental ones. This is especially visible in the
pairs of deformed states emerging from the same spherical subshells (namely, the ν9/2[734] and
ν11/2[725] states from the ν1j15/2 subshell as well as the ν5/2[622] and ν7/2[613] states from
the ν2g9/2 subshell), the energy gaps between which are considerably stretched as compared
with experiment. Second, while the calculated energies of a number of states are rather close
to experiment, the energies of some states and their relative positions deviate substantially from
experiment. For example, only NL1 gives the correct ground state ν1/2[620] in 251Cf, whereas
NL3 gives the ν[615]9/2 (Fig. 2). The displacement of the calculated centroids of the above
discussed pairs of deformed states from experimental ones clearly suggests that the discrepancies
between experiment and calculations can be traced back to energies of spherical subshells from
which deformed states emerge.
Comparing theory and experiment it was concluded in Ref. [2] that in the NL1 and NL3
parameterizations, the energies of the spherical subshells, from which the deformed states in
the vicinity of the Fermi level of the A ∼ 250 nuclei emerge, are described with an accuracy
better than 0.5 MeV for most of the subshells. The discrepancies (in the range of 0.6−1.0 MeV)
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Figure 3. Neutron and proton single-particle states in 254No (Z = 102, N = 152). The left
column in each panel shows the spectra obtained in pure RMF calculations, while right column
the spectra computed within RMF with allowance for the particle-vibration coupling. The
calculations are performed at spherical shape employing the NL3 parameterization (from Ref.
[14]).
are larger for the pi1h9/2 (NL3, NL1), ν1i11/2 (NL3), ν1j15/2 (NL1) and ν2g9/2 (NL3) spherical
subshells. Considering that the RMF parameterizations were fitted only to bulk properties of
spherical nuclei this level of agreement is good. In contrast, the accuracy of the description of
single-particle states is unsatisfactory in the NLSH and NL-RA1 parameterizations. This clearly
indicates that before extrapolating to superheavy nuclei the quality of the parameterization with
respect of the description of single-particle energies has to be tested.
These results clearly indicate the need for an improvement in the description of the
single-particle energies within CDFT. There are a number of possibilities which need further
exploration. The stretching of the energy scale in CDFT calculations as compared with
experiment is related to the low effective mass (Lorentz mass in the notation of Ref. [15])
m∗(kF )/m ≈ 0.66 of the nucleons at the Fermi surface in CDFT. It has been demonstrated
for spherical nuclei that particle-vibration coupling brings the average level density in closer
agreement with experiment in relativistic [16] and non-relativistic calculations [17]. This effect
is clearly visible in Fig. 3 where the particle-vibration coupling leads to a pronounced increase of
the level density around the Fermi surface both for proton and neutron subsystems comparatively
to the pure RMF spectra. Similar effects are expected in deformed nuclei. However, the
corrections to the energies of quasiparticle states in odd nuclei due to particle-vibration coupling
are expected to be less state dependent in deformed nuclei because (due to fragmentation) the
surface vibrations are less collective in deformed nuclei than in spherical ones [18].
The measured and calculated energies of the single-particle states at normal deformation
provide constraints on the spherical shell gaps of superheavy nuclei. Such an analysis restricts
the choice of CDFT parameterizations only to those which predict Z = 120 and N = 172 as
shell closures in superheavy nuclei [2]. The inclusion of particle-vibration coupling compresses
the single-particle spectra in the (Z = 120, N = 172) nucleus and decreases the size of above
mentioned gaps. However, this nucleus still remains a doubly magic spherical superheavy nucleus
in CDFT [14].
3. Rotational degrees of freedom
Additonal information on the structure of single-particle states can be obtained by studying
the rotational response in odd-mass nuclei. This is especially important for nuclei at the edge
of the region where spectroscopic studies are possible (the nuclei with masses A ∼ 255), for
which alternative methods of configuration assignment are not feasible. To illustrate that
we use rotational structures in 241Am. The rotational bands based on the Nilsson orbitals
pi5/2[642] (from the i13/2 subshell), pi5/2[523] (from the h9/2 subshell) and pi3/2[521] (from
the f7/2 subshell) have been observed in this nucleus in Ref. [19]. As can be seen in the
left panel of Fig. 4, at low frequencies they have distinctly different kinematic moments of
inertia J (1). The theoretical interpretation of these bands has been performed in cranked
relativistic Hartree+Bogoliubov (CRHB) theory [20, 2] employing the NL1 parameterization of
the RMF Lagrangian and the D1S Gogny force in the pairing channel. In addition, approximate
particle number projection has been carried out by means of the Lipkin-Nogami (LN) method.
Theoretical calculations (right panel of Fig. 4) describe well the absolute values of the kinematic
moment of inertia of different configurations and their evolution with rotational frequency. In
particular, the splitting of two signatures of the pi5/2[642] configuration is rather well described
in the model calculations. On the contrary, the pi5/2[523] and pi3/2[521] bands show (with
exception of very low frequencies in the case of the pi3/2[521] band) no signature splitting.
Model calculations for the two signatures of the pi5/2[523] configuration show explicitly this
feature. Unfortunately, it was not possible to get convergence in the case of the pi3/2[521]+ 1
configuration. However, the analysis of the quasiparticle routhian diagram confirms that the
pi3/2[521]± configurations have to be degenerate in energy up to rotational frequency Ωx ∼ 0.16
MeV in agreement with experimental observations. At higher frequencies, small signature
separation is expected in the calculations.
In addition to the above mentioned features, the relative properties of different bands both
with respect of each other and with respect to 240Pu (which has one proton less) are well
described in the model calculations. The increase of the kinematic moment of inertia in the
bands of 241Am as compared with the ground state band in 240Pu is caused by the blocking
effect which results in a decreased proton pairing.
Fig. 5 shows another example of the description of rotational bands in CRHB calculations.
The single decoupled band observed recently in the odd-proton nucleus 251Md [22] has
been assigned to the pi1/2[521]− configuration. CRHB calculations have been performed for
several low-lying configurations. However, the pi7/2[633], pi3/2[521], pi9/2[624] and pi9/2[505]
configurations can be excluded from consideration because they lead either to signature
degenerate bands or to bands with small signature splitting; as a consequence, both signatures
are expected to be observed in experiment. On the other hand, the calculations for the
pi1/2[521]− configuration describe the experimental data rather well thus confirming the
configuration assignment given in Ref. [22]. Note that the results obtained with the NL3
parameterization of the RMF Lagrangian are close to the ones obtained with NL1. Thus,
they do not alter the interpretation of the observed band.
These two examples outline the current approach to the configuration assignment of one-
quasiparticle states in odd-mass nuclei based on their rotational response. They clearly show
that the rotational properties reflected through
• the absolute values of the kinematic moment of inertia (especially at low rotational
1 The superscript to the orbital label is used to indicate the sign of the signature r for that orbital (r = ±i).
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frequencies) and their evolution with rotational frequency
• the presence or absence of signature splitting
• the relative properties of different configurations with respect of each other and/or with
respect to the neighboring even-even nucleus
provide a useful tool for single-particle configuration assignment. However, it is necessary
to recognize that this method of configuration assignment has to be complemented by other
independent methods and has to rely on sufficient experimental data. The interpretation of the
rotational band in 253No is quite illustrative in this respect. Initially, it was interpreted as based
on the ν7/2[624] configuration [23]. However, improved experiments allowed to identify the M1
transitions between opposite signatures of the observed band [23] which led to the ν9/2[734]
configuration assignment. The kinematic moments of inertia of the observed band under two
configuration assignments are described within a typical theoretical uncertainty2, and, as a
result, the configuration assignment based only on rotational properties cannot be reliable. The
branching ratios of observed M1 and E2 transitions have to be used in order to distinguish
different configuration assignments [26].
4. Fission barriers: the role of triaxiality
The (static) inner fission barriers Bstf are important for several physical phenomena. The size
of the fission barrier is a measure for the stability of a nucleus (which decays by spontaneous
fission) reflected in its spontaneous fission lifetime [27]. The probability for the formation of
a superheavy nucleus in a heavy-ion-fusion reaction is also directly connected to the height of
its fission barrier [8]. The height Bstf is a decisive quantity in the competition between neutron
evaporation and fission of a compound nucleus in the process of its cooling [8]. The population
and survival of hyperdeformed states at high spin also depends on the fission barriers [28, 29].
In addition, the r−process of stellar nucleosynthesis depends (among other quantities such as
masses and β-decay rates) on the fission barriers of very neutron-rich nuclei [30, 31].
However, the progress in the study of the fission barriers within covariant density functional
theory has been slower than in its non-relativistic counterparts [32]. Until now the majority
of the calculations have been performed under the restriction to axial symmetry (see Ref. [32]
and references therein). However, axially symmetric calculations cannot be directly compared
with experimental data since, as has been shown earlier in non-relativistic calculations (see Refs.
[33, 34] and references therein), the lowering of fission barriers due to triaxiality is significant
and can reach 3 − 4 MeV in some nuclei. So far, the impact of triaxiality on the height of the
inner fission barrier has only been studied in specific nuclei such as 264Hs [35] and 240Pu [36]
within the RMF+BCS approach as well as 240Pu [37] within the RHB approach.
In order to fill this gap in our knowledge, a systematic investigation of the inner fission barriers
within the triaxial RMF+BCS approach has been performed for the first time [38] employing
the recently developed NL3* parameterization [39] of the RMF Lagrangian. The truncation
of the basis is performed in such a way that all states belonging to the shells up to NF = 20
fermionic shells and NB = 20 bosonic shells are taken into account. In the pairing channel, we
use a seniority pairing force, with the strength parameters defined as in Ref. [38]:
A ·Gn = 9.1 − 6.4
N − Z
A
MeV (1)
A ·Gp = 8.1 + 10.0
N − Z
A
MeV (2)
Note that all states in the pairing window Ek < Ecutoff = 120 MeV are taken into account.
Because the nuclei considered are all well bound, pairing is treated in the BCS approximation.
The calculations are performed imposing constraints on the axial and triaxial mass quadrupole
moments. The method of quadratic constraints uses a variation of the function
〈H〉+
∑
µ=0,2
C2µ(〈Qˆ2µ〉 − q2µ)
2 (3)
2 The calculations show that the kinematic moments of inertia in the nuclei of interest are described with an
accuracy better than 10% of their absolute value, see current results and the results presented in Refs. [2, 24]. The
only exception is the rotational band in 255Lr, where the discrepancy of around 15% is seen under the pi[624]9/2
configuration assignment [25]. On the basis of the moment of inertia, CRHB calculations favor the pi7/2[633]
assignment. Note that the kinematic moments of inertia for the assigned pi7/2[633] and pi9/2[624] rotational
bands in 251Es are described in CRHB calculations within 7% accuracy [25].
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where 〈H〉 is the total energy, and 〈Qˆ2µ〉 denotes the expectation values of the mass quadrupole
operators
Qˆ20 = 2z
2 − x2 − y2 (4)
Qˆ22 = x
2 − y2 (5)
In these equations, q2µ is the constrained value of the multipole moment, and C2µ the
corresponding stiffness constants [40].
The results of these systematic calculations are shown in Fig. 6. The deformation energy
curves (shown by full black lines in Fig. 6) for axially symmetric solutions are obtained as
the γ = 0◦ cross-section of the potential energy surfaces. The deformation energy curves for
triaxial solutions are obtained by the minimization of the potential energy surfaces along the
β2-direction. The deformation energy curves along the triaxial fission path are shown by red
full curves. We show deformation energy curves for triaxial solutions only in the range of the β2
values at which it is lower in energy than the deformation energy curve of the axially symmetric
solution. Note that the potential energy surfaces are normalized to zero energy at the normal-
deformed minimum. One can see that by allowing for triaxiality the fission barrier heights are
reduced by 1− 3 MeV as compared with axially symmetric solutions. This lowering depends on
the proton and neutron numbers. It also brings on average the results of calculations in closer
agreement with experimental data shown by green solid circles in Fig. 6. These circles display
the height of the experimental fission barrier at the calculated β-deformation of the saddle point.
On average calculated γ-deformations of the triaxial parts of the fission path are close to 10◦.
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Fig. 7 shows the differences between calculated and experimental heights of inner fission
barriers. The average deviation between theory and experiment is 0.76 MeV. This is comparable
with the results obtained in the macroscopic+microscopic method (see Sec. IVC and Fig. 11
in Ref. [42] and Sec. VII A in Ref. [43] which describe experimental fission barriers with an
average error of around 1 MeV. It is necessary, however, to say that neither the proton nor
the neutron particle number dependences of fission barrier height are completely reproduced
in the calculations. This is exemplified in Fig. 7. However, the same problem exists also in
macroscopic+microscopic calculations (see Fig. 11 in Ref. [42] and Figs. 23-32 in Ref. [43]).
There are very few energy density functional calculations of the fission barriers which include
triaxial deformations, and neither of them confronts in a systematic way experimental data in
actinides. However, the limited results obtained with the Skyrme energy density functionals
presented in Ref. [44] show similar unresolved particle number dependences for the inner fission
barrier heights.
5. Conclusions
The analysis of quasiparticle spectra in actinides and heaviest A ∼ 250 nuclei provides a measure
of the accuracy of the description of single-particle energies in CDFT. In addition, it restricts
the choice of the CDFT parameterizations to only those which predict Z = 120 and N = 172 as
shell closures in spherical superheavy nuclei. The inclusion of particle-vibration coupling does
not change the position of shell closures for these nuclei.
The description of rotational properties in odd-mass nuclei within the framework of the
cranked relativistic Hartree+Bogoliubov framework has been discussed. It is shown that
rotational properties are reasonably well described. As a consequence, their theoretical analysis
provides a useful supplementary tool in the assignment of single-particle configurations to
rotational bands observed at the edge of the region where spectroscopic studies are possible.
The first systematic investigation of fission barriers in the actinide region with triaxiality
accounted has been performed within covariant density functional theory. It is found that with
only one exception (234Th) in all the nuclei under investigation the height of the inner fission
barrier is reduced by allowing for triaxial deformations by 1− 3 MeV. A systematic comparison
of our results with experimentally determined fission barriers in this region shows reasonable
agreement with data comparable with the best macroscopic+microscopic calculations.
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